



















On perfect colorings of the halved 24-cube∗
Denis S. Krotov
Abstract
A vertex coloring of a graph is said to be perfect with parameters (aij)
k
i,j=1 if for
every i, j ∈ {1, ..., k} every vertex of color i is adjacent with exactly aij vertices of
color j. We consider the perfect 2-colorings of the distance-2 graph of the 24-cube
{0, 1}24 with parameters ((20+ c, 256− c)(c, 276− c)) (i.e., with eigenvalue 20). We
prove that such colorings exist for all c from 1 to 128 except 1, 2, 4, 5, 7, 10, 13
and do not exist for c = 1, 2, 4, 5, 7. Keywords: perfect coloring, equitable partition,
halved n-cube.
1 Introduction
We study the vertex 2-colorings of the vertices of the distance-2 graph of the 24-cube
that are perfect colorings with the eigenvalue 20. These parameters are of interest by the
following reasons.
At first, a known problem is the existence of perfect colorings of the 24-cube (i.e., its
distance-1 graph) with parameters from the list ((1, 23)(9, 15)), ((2, 22)(10, 14)), ((3, 21)
(11, 13)), ((5, 19)(13, 11)), ((7, 17)(15, 9)) (according to [1, 3, 2], the question of the ex-
istence of perfect colorings of the n-cube with fixed parameters is closed for n < 24).
Colorings with such parameters would correspond to colorings of the distance-2 graph
with parameters from the class under study (see Section 2 for the connection between
perfect colorings of the distance-1 and distance-2 graphs).
At second, an interesting fact is combining two different-nature construction allows to
cover a large specter of 121 parameter sets.
Let G be a simple graph; let I be a finite set, whose elements will be called colors. A
coloring T : V (G)→ I is called perfect with parameter matrix (sij)i,j∈I , iff T is surjective
and for every colors i and j every vertex of color i has exactly sij color-j neighbors.
By Hn we denote the hypercube of dimension n, or n-cube (the vertices are the binary
words of length n; two words are adjacent iff they differ in exactly one position; the
distance between two words is the number of positions in that they are different). The
the distance-2 graph of the hypercube will be denoted by Hn (two words are adjacent
iff they differ in exactly two positions); its degree is n(n − 1)/2. This graph has two
connected components, which are known as halved n-cubes ; we denote them H
even
n and




n ; from the point of view of perfect colorings it is sufficient to consider only one of
them.
Usually, we will consider colorings into two colors, of 2-colorings ; the parameter matrix
will be written as ((a, b)(c, d)). Note that, arranging the colors, we can always set b ≥ c. If
the graph is regular of degree s, then a necessary condition for the existence of a perfect
coloring with parameters ((a, b)(c, d)) is a + b = c + d = s. So, graph’s degree is an
eigenvalue of the parameter matrix. The second eigenvalue is a− c = d− b; we will refer
this value as the eigenvalue of the perfect 2-coloring and of its parameters. Often, it is
convenient to consider a 2-coloring as the characteristic function of some set; in this case
1 will be considered as the first color; 0, as the second.
In this paper we study admissible parameters of perfect 2-colorings of H
even
24 with the
eigenvalue 20, i.e., parameters of the form ((20 + c, 256− c)(c, 276− c)).
We will prove the following:
Theorem 1. Perfect colorings of H
even
24 with the parameters ((20+c, 256−c)(c, 276−
c)) exist for c = 3, 6, 8, 9, 11, 12, and all c from 14 to 128.
Theorem 2. There are no perfect colorings of H
even
24 with the parameters ((20 +
c, 256− c)(c, 276− c)) if c is 1, 2, 4, 5, or 7.
The values c = 10 and 13 remain under the question; however, the proved facts allow
to observe the existence of gaps in the specter of admissible parameters. Theorems 1
and 2 will be proved in Sections 4 and 5. In Section 2 we will show that a perfect coloring
of Hn is a perfect coloring of Hn and establish a relation between the parameters of these
colorings. In Section 3 observe the possibility to combine two different 2-colorings (of an
arbitrary graph) with the same eigenvalue provided the supports of one color are disjoint
for two colorings.
2 A connection between perfect colorings of the graphs
Hn and Hn
Lemma 1. A perfect coloring of Hn with matrix S is a perfect coloring of Hn with
matrix 1/2(S2 − nE) (where E is the identity matrix).
Proof. Let us consider a perfect coloring T of Hn with parameter matrix S. By the
color structure T (M) of some set M of vertices of Hn we call the collection from |I|
numbers each of them denoting the number of the vertices of the corresponding color in
M . For an arbitrary vertex v of Hn the the color structure of {v} consists of zeros in all
the positions except T (v), where the one is. Denote by D1(v) and D2(v) the set of vertices
at the distance 1 and 2 from v, respectively. By the definition of a perfect coloring we
have T (V1(v)) = ST ({v}). Summarizing this formula over the neighborhood D1(w) of











ST ({v}) = S
∑
v∈D1(w)
T ({v}) = S2T ({w}).
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On the other hand, in the sum in the left the index u runs over twice the vertices of
D2(w) and n times, the vertex w. Therefore, this sum also equals nT (w) + 2T (D2(w));
so, we deduce
T (D2(w)) = 1/2(S
2T ({w})− nT ({w})),
which proves the statement. N
Note that each of the components of Hn can be colored in less then all colors; i.e.,
H
even
n (as well as H
odd
n ) can be colored in lesser number of colors than Hn (see, e.g.,
Lemma 3).
The following table lists all admissible parameters of perfect 2-colorings of H24 that
correspond to perfect 2-colorings of H24 with the eigenvalue λ = 20 (20 = 1/2(8
2− 24) =
1/2((−8)2 − 24)). The existence of colorings with the parameters marked by grey is an

































































3 Unifying two perfect colorings with common eigen-
value
The following lemma, which is straightforward from the definitions, allow to unify disjoint
supports of colors of different colorings with the same eigenvalue.
Lemma 2. Let C1 and C2 be two disjoint subsets of the vertex set V (G) of a simple
regular graph G; and let C1 ∪ C2 6= V (G). Assume, that the characteristic functions χC1
and χC2 of C1 and C2 are perfect colorings of G with the same eigenvalue λ, i.e., with the
parameters of type (λ+ i, s− λ− i; i, s− i) (λ+ j, s− λ− j; j, s− j) where s is graph’s
degree. Then the characteristic function χC1∪C2 of the union is a perfect colorings of G
with the parameters (λ+ i+ j, s− λ− i− j; i+ j, s− i− j).
4 Codes and colorings. Proof of Theorem 1
In this section we construct a class of perfect 2-colorings of H
odd
24 with the parameters
announced in Theorem 1. The support of the first color of a coloring will be constructed
as the union of cosets of one linear code and the neighborhoods of cosets of the Goley
code.
The set of the binary n-words (i.e., V (Hn)) will be denoted by E
n and considered as
an n-dimensional vector space over the two-element field with the modulo 2 calculations.
The distance ρ(·, ·) between two words is, as usual, the number of positions in which
these words differ (which coincides with the natural graph metric in Hn). Recall that, by
definition, an (n,M, d) code is a set fromM vertices of Hn such that the distance between
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any two different words is not less than d. The neighborhood Ω(C) of some set C ⊂ En is
the set of all the words at the distance 1 from C.
Let C8 and C
′
8 be two (8, 16, 4) codes such that C8 ∩ C
′
8 = {00000000, 11111111} (for
definiteness, C8 and C
′
8 can be defined as containing 00101110 and 01001110 respectively
and closed with respect to the addition and with respect to the cyclic permutation of the
first seven coordinates). Define the code
F = {(x+ y, x+ z, x+ y + z)|x ∈ C8, y, z ∈ C
′
8}. (1)
The distance coloring of a code C is a function on En defined as the distance between
the given vertex and C.




0 24 0 0 0
1 0 23 0 0
0 2 0 22 0
0 0 3 0 21






0 0 276 0 0
0 23 0 253 0
1 0 44 0 231
0 3 0 273 0




In particular, the generated coloring ofH
odd
24 is a 2-coloring with parameters ((23, 253)(3, 273)).
Proof. It is known [4, 18.7.4] that (1) defines an extended perfect (24, 212, 8) code,
the Goley code. This means that the distance from any vertex to F is not more than 4.
Moreover, the words with even number of ones (from V (H
even
24 )) have colors 0, 2, 4; with
odd (from V (H
odd
24 )), colors 1, 3. So, a color-4 vertex is adjacent in H24 with 24 color-3
vertices; a color-3 vertex is adjacent with color-2 and color-4 vertices only, the number of
neighbor color-2 vertices being 3, because there is exactly one code vertex at the distance
3 from the given vertex; the other colors can be checked similarly. The parameters of the
perfect coloring of H24 follow from Lemma 1. N
So, χΩ(F ) is the first 2-coloring from the parameter series of Theorem 1. Taking disjoint
translations of Ω(F ) and using Lemma 2, we would be able to construct 2-colorings with
other parameters. In order to do it, we need as much as possible cosets by F at the
mutual distance 4 from each other. Consider the set
D = {(x+ y, x+ z, x+ y + z)|x ∈ C8, y, z ∈ B8},
where B8 is the (8, 128, 2)-code containing 00000000 and, consequently, including C
′
8 (C8
and C ′8 are defined before the definition of F (1)).
Lemma 4. The set D is a (24, 218, 4) code.
Proof. We first observe the validness of the three simple inequalities
ρ((u, v, w), (u′, v′, w′)) ≥ ρ(u+ v + w, u′ + v′ + w′), (2)
ρ((u, v, w), (u′, v′, w′)) ≥ ρ(u, u′) + ρ(v + w, v′ + w′), (3)
ρ((u, v, w), (u′, v′, w′)) ≥ ρ(v, v′) + ρ(u+ w, u′ + w′). (4)
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Consider words r = (x + y, x + z, x + y + z) and r′ = (x′ + y′, x′ + z′, x′ + y′ + z′),
where x, x′ ∈ C8, y, y
′, z, z′ ∈ B8. If x 6= x
′, then, using (2) and the code distance 4
of C8, we get ρ(r, r
′) ≥ ρ(x, x′) ≥ 4. If x = x′ and y 6= y′, then (3) implies ρ(r, r′) ≥
ρ(x+ y, x′ + y′) + ρ(y, y′) = 2ρ(y, y′) ≥ 4. The case x = x′, z 6= z′ is similar. So, different
choices of x, y, and z lead to different words with the mutual distance at least 4 from
each other. The number of all such the words is |C8| · |B8|
2 = 218. N
Since F and D are linear subspaces and, obviously, F ⊂ D, we can partition D into
64 cosets by F ; denote them F1, F2, . . . , F64. Lemma 4 implies that the neighborhoods of
these cosets are mutually disjoint; therefore, applying Lemma 2, we can construct perfect
colorings of H
odd
24 with parameters of type ((20+ 3i, 256− 3i)(3i, 276− 3i)), i = 1, . . . , 64.
In order to cover the larger specter of parameters, we will need one more code:
L = {(x, y, y + z)|x, y ∈ B, z ∈ C1}
Lemma 5. The characteristic function χL is a perfect colorinf of H
even
24 with param-
eters ((28, 248)(8, 268)).
Proof. Let as represent L as
L = {(x, w)|x ∈ B,w ∈ C16}
where C16 = {(y, y + z)|y ∈ B, z ∈ C1} is a (16, 2
11, 4) code.
1) Consider a code vertex (x, w) from C16. The words of C16 adjacent with (x, w) in
H
even
24 have the type (x+ e, w), where e is an arbitrary word with exactly two ones. Since
the number of such the words e is 28, every code vertex is adjacent with exactly 28 code
vertices and, consequently, with 248 non-code vertices.
2) Consider a non-code vertex (x, w) ofH
even
24 . If x 6∈ B, then the code vertices ofH
even
24
that are adjacent with (x, w) are of type (x+ e, w + e′) where each of the words e and e′
has exactly one one. The word e can be chosen in 8 ways, while e′, in not more than one
way (otherwise C16 contains two words at the distance 2 from each other). So, the number
of code vertices that are adjacent with (x, w) does not exceed 8. If x ∈ B, then w 6∈ C16,
and the code vertices adjacent with (x, w) are of type (x, w + e′′) where e′′ has exactly
two ones. The number of ways to choose e′′ is not more than 8 (otherwise C16 contains
two words at the distance 2 from each other). So, every non-code vertex is adjacent with
not more than 8 code ones. On the other hand, as follows from 1), the number of edges
connecting code and non-code vertices equals 218 · 248 (where 218 the number of the code
vertices), which coincides with (223− 218) · 8, where 223− 218 the number of the non-code
vertices H
even
24 . We conclude that every non-code vertex is adjacent with exactly 8 code
vertices and, consequently, with 268 non-code ones. N
Let us consider the set
N = {(x+ 00000001, y + 00000001, z + 00000001)|x, y, z ∈ B) ⊂ H
odd
24
and partition it into the 8 cosets L1, . . . , L8 by L. Since the distance from D to N is 3,
we see that all the sets Ω(F1), Ω(F2), . . . , Ω(F64), L1, . . . , L8 are mutually disjoint and,
applying Lemma 2, get the following:
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Lemma 6. For any i ∈ {0, 1, . . . , 64}, j ∈ {0, 1, . . . , 8}, 0 < i+ j < 72, the character-
istic function of the union of i sets from Ω(F1), Ω(F2), . . . , Ω(F64) and j sets from L1, . . . ,
L8 is a perfect coloring with parameters ((20+3i+8j, 256−3i−8j)(3i+8j, 276−3i−8j)).
Since all the numbers from 1 to 128 except 1, 2, 4, 5, 7, 10, 13 can be represented as
3i+ 8j, Theorem 1 is proved.
5 Proof of Theorem 2. The nonexistence
In this section we prove the nonexistence of perfect colorings with parameters ((20 +
c, 256 − c)(c, 276 − c)) for c = 1, 2, 4, 5, 7. A set S ⊂ V (H
even
24 ) is called a sphere iff it
consists of all the 24 vertices at the distance 1 from some fixed vertex in V (H
odd
24 ).
In the following proof the notion of type V24, where V ⊂ {1, . . . , 24}, means the binary
length-24 word with the nonzero-position set V .
Lemma 7. Assume that the characteristic function χC of a set C ⊂ V (H
even
24 ) is a
perfect coloring of H
even
24 with parameters ((20 + c, 256− c)(c, 276− c)). If c ≤ 7, then C
is the union of spheres.
Proof. We consider only the two cases of ((25, 251)(5, 271)) and ((27, 249)(7, 269)),
because the other cases are proved similarly.
In the first case, c = 5. Let us take an arbitrary v from C and show that it belongs
to a sphere included to C. W.l.o.g. we can assume v = 000000000000000000000000. A
pair {i, j} of coordinates from 1 to 24 is called code iff {i, j}24 ∈ C. As follows from the
parameter matrix, there are exactly 25 code pairs. Moreover, c = 5 also implies that
(*) a non-code pair intersects with at most four code pairs (the fifth neighbor will be
v).
Consider the cases:
1) If some ith coordinate belongs to 23 code pairs, then the corresponding words
together with v constitute a sphere, which proves the statement for this case.
2) If some ith coordinate belongs to less than 23 and more than 4 code pairs, then i
belongs to some non-code pair, contradicting (*).
3) If some ith coordinate belongs to exactly 4 code pairs, then there is a code pair
{j, k} disjoint with all of them. Then the non-code pair {i, j} contradicts (*).
4) Assume that there is no a coordinate that belongs to more than 3 code pairs.
Since the number of code pairs is greater than 24, there is a coordinate i that belongs to
some 3 code pairs {i, j1}, {i, j2}, {i, j3}. It is easy to count that among the remaining
20 coordinates there is j that belongs to two code pairs. Then the non-code pair {i, j}
contradicts (*).
For the case c = 5, the claim of the lemma is proved.
Let us consider the case ((27, 249)(7, 269)), i.e., c = 7. In general, the idea of the
proof is similar to the previous considered case, but now we will consider not one but
two neighbor vertices of first color and show that for any coloring of the neighborhood of
these two vertices the condition a = 27 contradicts to c = 7 (assuming that C is not the
union of spheres).
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By C ′ we denote the union of the spheres included in C; by C ′′, the set C \ C ′. We
have to prove that C ′′ is empty. Suppose the contrary. Let k be the maximum cardinality
of the intersection of C and a sphere that contains at least one vertex from C ′′. Since
such a sphere must contain a vertex not from C, we have
k ≤ c = 7. (5)
W.l.o.g. we can assume that 0¯ = 000000000000000000000000 ∈ C ′′ and {1, 2}24, {1, 3}24,
. . . , {1, k}24 ∈ C.
Let us consider three matrices whose rows are words of C from the neighborhoods of
0¯ and {1, 2}24. The rows of the matrix A1 are the weight-2 vectors different from {1, 2}24
and non-adjacent with {1, 2}24. The weight-2 (weight-4) vectors adjacent with {1, 2}24
form the matrix A2 (respectively, A3). The vectors 0¯ and {1, 2}24 themselves are not
included to one of the matrices. The matrices A1 and A2 (as well as A2 and A3) have,
summarily, a− 1 = 26 rows, which with {1, 2}24 (respectively, 0¯) form the intersection of
C and the neighborhood of 0¯ (respectively, {1, 2}24). Denoting the height of Ai by hi, we
have
h1 + h2 = h2 + h3 = 26.
Moreover, from the definition of k we deduce
h2 ≤ 2k − 4,
because the rows of A2 have the form {1, j}24 (not more than k−2 rows, because together
with 0¯ and {1, 2}24 they belong to the sphere centered in {1}24) or {2, j}24 (similarly).
Since every row of A1 and A2 contains exactly two ones, the total number of ones in
A1 and A2 is 52. Thus, there is a column that contains (summarily in the two matrices)
at least three ones, which means by the definition of k that
k ≥ 4. (6)
Every row of A3 contains four ones. In summary, the number of ones in the three matrices
equals
2h1+2h2+4h3 = 2 · 26+ 2(26−h2) + 2h3 ≥ 104− 2(2k− 4)+ 2h3 = 112− 4k+2h3 (7)
(2h3 corresponds to the ones in the first two columns of A3 and will be canceled in the
following estimation).
Let us estimate this value from the other side. We call the columns with the numbers
at most (more than) k the left (respectively, right) part of the matrix.
(a) The left part of A1 contains at most (k − 2)(k − 1) ones. Indeed, the first two
columns of A1 are zero; and, by the definition of k, any other column contains at most
k − 1 ones.
(b) The left part of A2 contains at most 4(k − 2) ones. Indeed, as noted above, A2
has at most 2(k − 2) rows, every row containing exactly two ones.
(c) The right parts of the three matrices contain summarily at most (24 − k)(7 − k)
ones. Indeed, if for some j > k the jth columns of A1, A2, and A3 contain more than 7−k
7
ones, then the word {1, j}24 6∈ C has more than 7 neighbors from C (the corresponding
rows plus 0¯, {1, 2}24, {1, 3}24, . . . , {1, k}24), which contradicts to the parameter c = 7.
Let us consider separately two subcases:
I. {1, 2}24 ∈ C
′′. In this case we additionally have the following:
(d) The left part of A3 contains at most 2h3 + (k − 2)(k − 1) ones. (Similarly to (a),
but the first two columns consist of ones.)
In summary, estimating the total number of ones in A1, A2, and A3 from (a)-(d) and
taking into account (7), we have
112− 4k + 2h3 ≤ (k − 2)(k − 1) + 4(k − 2) + 2h3 + (k − 2)(k − 1) + (24− k)(7− k).
I.e.,
3k2 − 29k + 52 ≥ 0,
which does not hold for the values k = 4, 5, 6, 7 satisfying (5) and (6). This contradiction
proves the statement for the subcase I.
II. {1, 2}24 ∈ C
′. Then, C includes a sphere centered in {1, 2, j}24 for some j. Conse-
quently, A3 contains all rows of type {1, 2, j, i}24, i ∈ {3, . . . , 24}\{j}; thus, every column
of A3 contains a one. Taking into account (c), we get the following:
(e) The right parts of A1 and A2 contain at most (24− k)(6− k) ones summarily.
As noted above, the total number of ones in A1 and A2 is 52. On the other hand, as
follows from (a), (b), and (e), it is not greater than
(k − 2)(k − 1) + 4(k − 2) + (24− k)(6− k) = 2k2 − 29k + 138.
We deduce that 2k2 − 29k + 86 ≥ 0, which is not true if 5 ≤ k ≤ 7, but holds for k = 4.
Let us consider this remaining subcase. We have: {1, 2}24, {1, 3}24, {1, 4}24 ∈ C;
moreover, {1, 2}24 belongs to a sphere included in C. The center of the sphere has the
form {1, 2, j}24 (it cannot contain only one one, because 0¯ ∈ C
′′). Then, {1, j}24 ∈ C; so,
j is 3 or 4. Assume w.l.o.g. that j = 3. We claim that
(**) {1, 4}24 ∈ C
′′. Suppose, by contradiction, that {1, 4}24 belongs to a sphere
included in C. Similarly to the arguments above, the center of the sphere must have the
form {1, j, 4}24 where j is 2 or 3. But the spheres with centers {1, 2, 3}24 and {1, j, 4}24
have nonempty intersection. A vertex from the intersection belongs to C and has at least
45 neighbors from C (1 + 45 is the cardinality of the union of the two spheres), which
contradicts to a = 27. The claim (**) is proved.
So, interchanging the second and the fourth coordinates leads to the case I. N
Lemma 8. Let C ⊂ V (H
even
24 ) be the union of spheres; and let the characteristic
function χC be a perfect coloring of H
even
24 with ((20+ c, 256− c)(c, 276− c)). Then either
c is divisible 3, or c ≥ 25.
Proof. If C includes two intersecting spheres, then their union contains 46 vertices,
and a common vertex is adjacent with the other 45 vertices of the union. Thus, 20+c ≥ 45,
i.e., c ≥ 25.
If, otherwise, C consists of disjoint spheres, then every vertex from V (H
even
24 ) \ C is
adjacent with exactly three vertices from each neighbor sphere; thus, c ≡ 0 mod 3. N
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Since the values c = 1, 2, 4, 5, 7 contradict Lemmas 7 and 8, Theorem 2 is proved.
Moreover, we can conclude that a perfect coloring with parameters ((23, 253)(3, 273)) is
unique up to graph automorphisms.
6 Conclusion
For the conclusion, we list all values of c from 1 to 128 in a table. The sign ”−” means
the nonexistence of perfect colorings with parameters (20 + c, 256− c; c, 276− c) in H24;
”+”, the existence, ”?” the question is open. A circle means that a coloring with these
parameters can be constructed as a union of cosets of the neighborhood of the Goley code;
a box, as a union of cosets of the linear code L.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
− − ©+ − − ©+ − + ©+ ? + ©+ ? + ©+ +
17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
+ ©+ + + ©+ + + ©+ + + ©+ + + ©+ + +
33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48
©+ + + ©+ + + ©+ + + ©+ + + ©+ + + ©+
49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64
+ + ©+ + + ©+ + + ©+ + + ©+ + + ©+ ©+
65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
+ ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ +
81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96
©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+
97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112
©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+
113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128
+ ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ +
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Î ñîâåðøåííûõ ðàñêðàñêàõ ïîëîâèí÷àòîãî 24-êóáà∗
Ä. Ñ. Êðîòîâ
Àííîòàöèÿ
àñêðàñêà âåðøèí ãðàà íàçûâàåòñÿ ñîâåðøåííîé ñ ïàðàìåòðàìè (aij)
k
i,j=1,
åñëè äëÿ âñåõ i, j ∈ {1, ..., k} êàæäàÿ âåðøèíà öâåòà i ñìåæíà ðîâíî ñ aij âåð-
øèíàìè öâåòà j. àññìàòðèâàþòñÿ ñîâåðøåííûå ðàñêðàñêè â äâà öâåòà ãðàà
ðàññòîÿíèé 2 ãèïåðêóáà {0, 1}24 ñ ïàðàìåòðàìè ((20 + c, 256 − c)(c, 276 − c)) (ò.
å., ñ ñîáñòâåííûì çíà÷åíèåì 20). Ìû äîêàçûâàåì, ÷òî òàêèå ðàñêðàñêè ñóùå-
ñòâóþò ïðè âñåõ c îò 1 äî 128 êðîìå 1, 2, 4, 5, 7, 10, 13 è íå ñóùåñòâóþò ïðè
c = 1, 2, 4, 5, 7.
1 Ââåäåíèå
Ìû èçó÷àåì ðàñêðàñêè â äâà öâåòà âåðøèí ãðàà ðàññòîÿíèé äâà 24-ìåðíîãî ãèïåð-
êóáà, ÿâëÿþùèåñÿ ñîâåðøåííûìè ðàñêðàñêàìè ñ ñîáñòâåííûì ÷èñëîì 20. Èíòåðåñ
èìåííî ê ýòèì ïàðàìåòðàì îáóñëîâëåí ñëåäóþùèìè ïðè÷èíàìè.
Âî-ïåðâûõ, èçâåñòåí âîïðîñ ñóùåñòâîâàíèÿ ñîâåðøåííûõ ðàñêðàñîê ãèïåðêóáà (òî
åñòü åãî ãðàà ðàññòîÿíèé 1) ðàçìåðíîñòè 24 ñ ïàðàìåòðàìè ((1, 23)(9, 15)), ((2, 22)
(10, 14)), ((3, 21)(11, 13)), ((5, 19)(13, 11)), ((7, 17)(15, 9)) (ñîãëàñíî [1, 3, 2℄, âîïðîñ ñó-
ùåñòâîâàíèÿ ñîâåðøåííûõ ðàñêðàñîê n-êóáà ñ èêñèðîâàííûìè ïàðàìåòðàìè ïîë-
íîñòüþ èññëåäîâàí äëÿ n < 24). àñêðàñêè ñ ýòèìè ïàðàìåòðàìè ñîîòâåòñòâîâàëè áû
ðàñêðàñêàì ãðàà ðàññòîÿíèé 2 ñ ïàðàìåòðàìè èç èññëåäóåìîãî êëàññà (ïîäðîáíåå î
ñâÿçè ïàðàìåòðîâ ðàñêðàñîê ãðàîâ ðàññòîÿíèé 1 è 2 ñì. ðàçäåë 2).
Âî-âòîðûõ, èíòåðåñåí àêò, ÷òî, êîìáèíèðóÿ äâå ñîâåðøåííî ðàçíîðîäíûå êîí-
ñòðóêöèè, óäà¼òñÿ ïîêðûòü áîëüøîé ñïåêòð èç 121 íàáîðà ïàðàìåòðîâ.
Ïóñòü G  ïðîñòîé ãðà, I  êîíå÷íîå ìíîæåñòâî, ýëåìåíòû êîòîðîãî áóäåì íà-
çûâàòü öâåòàìè. Îòîáðàæåíèå T : V (G) → I íàçûâàåòñÿ ñîâåðøåííîé ðàñêðàñêîé ñ
ìàòðèöåé ïàðàìåòðîâ (sij)i,j∈I , åñëè îíî ñþðúåêòèâíî è äëÿ êàæäûõ i, j ó êàæäîé
âåðøèíû öâåòà i ÷èñëî ñîñåäåé öâåòà j ðàâíî sij.
×åðåç Hn îáîçíà÷èì ãèïåðêóá ðàçìåðíîñòè n (âåðøèíû ãèïåðêóáà, èëè n-êóáà, 
äâîè÷íûå ñëîâà äëèíû n; äâà ñëîâà ñìåæíû åñëè è òîëüêî åñëè îíè ðàçëè÷àþòñÿ
ðîâíî â îäíîé ïîçèöèè; ðàññòîÿíèå ìåæäó äâóìÿ ñëîâàìè åñòü ÷èñëî ïîçèöèé, â
êîòîðûõ ñëîâà ðàçëè÷íû). ðà ðàññòîÿíèé 2 ãèïåðêóáà áóäåì îáîçíà÷àòü ÷åðåç Hn
(äâà ñëîâà ñìåæíû åñëè è òîëüêî åñëè îíè ðàçëè÷àþòñÿ ðîâíî â äâóõ ïîçèöèÿõ), åãî
∗
Èññëåäîâàíèå âûïîëíåíî ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåíòàëüíûõ
èññëåäîâàíèé (ïðîåêò 08-01-00673-à)
1
ñòåïåíü ðàâíà n(n−1)/2. Ïîñêîëüêó ýòîò ãðà ñîñòîèò èç äâóõ êîìïîíåíò ñâÿçíîñòè,




n , ñ òî÷êè
çðåíèÿ ñîâåðøåííûõ ðàñêðàñîê äîñòàòî÷íî ðàññìàòðèâàòü îäíó èç êîìïîíåíò.
Êàê ïðàâèëî, ìû áóäåì ðàññìàòðèâàòü ðàñêðàñêè â äâà öâåòà, èëè 2-ðàñêðàñêè;
ìàòðèöó ïàðàìåòðîâ áóäåì çàïèñûâàòü â âèäå ((a, b)(c, d)). Çàìåòèì, ÷òî, íóæíûì
îáðàçîì óïîðÿäî÷èâ öâåòà, âñåãäà ìîæíî äîáèòüñÿ b ≥ c. Åñëè ãðà ðåãóëÿðíûé ñòå-
ïåíè s, íåîáõîäèìûìè óñëîâèåì ñóùåñòâîâàíèÿ ñîâåðøåííîé ðàñêðàñêè ñ ïàðàìåò-
ðàìè ((a, b)(c, d)) ÿâëÿåòñÿ a+ b = c+ d = s. Òàêèì îáðàçîì, ñòåïåíü ãðàà ÿâëÿåòñÿ
ñîáñòâåííûì ÷èñëîì ìàòðèöû ïàðàìåòðîâ. Âòîðûì ñîáñòâåííûì ÷èñëîì ìàòðèöû ÿâ-
ëÿåòñÿ a− c = d − b, ýòî çíà÷åíèå áóäåì ñ÷èòàòü ñîáñòâåííûì ÷èñëîì ñîâåðøåííîé
ðàñêðàñêè è å¼ ïàðàìåòðîâ. ×àñòî óäîáíî ñ÷èòàòü 2-ðàñêðàñêó õàðàêòåðèñòè÷åñêîé
óíêöèåé íåêîòîðîãî ìíîæåñòâà, â ýòîì ñëó÷àå ïåðâûì öâåòîì äîãîâîðèìñÿ ñ÷èòàòü
1, âòîðûì  0.
Â äàííîé ðàáîòå èññëåäóþòñÿ âîçìîæíûå ïàðàìåòðû ñîâåðøåííûõ ðàñêðàñîê â
äâà öâåòà ãðàà H
even
24 ñ ñîáñòâåííûì ÷èñëîì 20, ò. å. ïàðàìåòðû âèäà ((20 + c, 256−
c)(c, 276− c)). åçóëüòàòîì ÿâëÿþòñÿ ñëåäóþùèå äâà óòâåðæäåíèÿ.
Òåîðåìà 1. Ñîâåðøåííûå ðàñêðàñêè ãðàà H
even
24 ñ ïàðàìåòðàìè âèäà ((20 +
c, 256− c)(c, 276− c)) ñóùåñòâóþò ïðè c = 3, 6, 8, 9, 11, 12 è âñåõ c îò 14 äî 128.
Òåîðåìà 2. Íå ñóùåñòâóåò ñîâåðøåííûõ ðàñêðàñîê ãðàà H
even
24 ñ ïàðàìåòðàìè
âèäà ((20 + c, 256− c)(c, 276− c)) ïðè c ðàâíîì 1, 2, 4, 5 èëè 7.
Çíà÷åíèÿ 10 è 13 îñòàþòñÿ ïîä âîïðîñîì, îäíàêî, äîêàçàííîå óæå ïîçâîëÿåò îò-
ìåòèòü ðàçðûâû â ñïåêòðå äîïóñòèìûõ çíà÷åíèé. Òåîðåìû 1 è 2 áóäóò äîêàçàíû â
ðàçäåëàõ 4 è 5. Â ðàçäåëå 2 ïîêàçàíî, ÷òî ñîâåðøåííàÿ ðàñêðàñêà ãðàà Hn ÿâëÿåòñÿ
ñîâåðøåííîé ðàñêðàñêîé ãðàà Hn è óñòàíîâëåíà ñâÿçü ïàðàìåòðîâ ýòèõ ðàñêðàñîê.
Â ðàçäåëå 3 óêàçàíî íà âîçìîæíîñòü êîìáèíèðîâàíèÿ 2-ðàñêðàñîê (ïðîèçâîëüíîãî
ãðàà) ñ îäèíàêîâûì ñîáñòâåííûì ÷èñëîì, ïðè óñëîâèè íåïåðåñåêàåìîñòè íîñèòåëåé
îäíîãî èç öâåòîâ.
2 Ñâÿçü ñîâåðøåííûõ ðàñêðàñîê ãðàîâ Hn è Hn
Ëåììà 1. Ñîâåðøåííàÿ ðàñêðàñêà ñ ìàòðèöåé S ãðàà Hn ÿâëÿåòñÿ ñîâåðøåííîé
ðàñêðàñêîé ñ ìàòðèöåé 1/2(S2 − nE) ãðàà Hn íà òîì æå ìíîæåñòâå âåðøèí (E 
åäèíè÷íàÿ ìàòðèöà).
Äîêàçàòåëüñòâî. àññìîòðèì ñîâåðøåííóþ ðàñêðàñêó T ãðàà Hn ñ ìàòðèöåé
ïàðàìåòðîâ S. Öâåòîâûì ñîñòàâîì T (M) ìíîæåñòâà âåðøèíM ãðàà Hn íàçîâ¼ì íà-
áîð èç |I| ÷èñåë êàæäîå èç êîòîðûõ îáîçíà÷àåò ÷èñëî âåðøèí ñîîòâåòñòâóþùåãî öâåòà
â ìíîæåñòâå M . Äëÿ ïðîèçâîëüíîé âåðøèíû v ãðàà Hn öâåòîâîé ñîñòàâ ìíîæåñòâà
{v} ñîñòîèò èç íóëåé âî âñåõ ïîçèöèÿõ, êðîìå T (v), ãäå ñòîèò åäèíèöà. Îáîçíà÷èì
÷åðåç D1(v) è D2(v) ìíîæåñòâî âåðøèí íà ðàññòîÿíèè 1 è 2 îò v, ñîîòâåòñòâåííî. Ïî
îïðåäåëåíèþ ñîâåðøåííîé ðàñêðàñêè èìååì T (V1(v)) = ST ({v}). Ïîñóììèðîâàâ ýòó
2











ST ({v}) = S
∑
v∈D1(w)
T ({v}) = S2T ({w}).
Ñ äðóãîé ñòîðîíû, â ñóììå ñëåâà èíäåêñ u äâàæäû ïðîáåãàåò âåðøèíû D2(w) è n
ðàç  ñàìó âåðøèíó w. Òàêèì îáðàçîì, ýòà ñóììà ðàâíà òàêæå nT (w) + 2T (D2(w)),
îòêóäà
T (D2(w)) = 1/2(S
2T ({w})− nT ({w})),
÷òî è òðåáîâàëîñü äîêàçàòü. N
Îòìåòèì, ÷òî ìîæåò îêàçàòüñÿ, ÷òî â êàæäîé êîìïîíåíòå ñâÿçíîñòè ãðàà Hn
áóäóò âñòðå÷àòüñÿ íå âñå öâåòà, òî åñòü ãðà H
even
n (êàê è H
odd
n ) áóäåò ðàñêðàøåí â
ìåíüøåå ÷èñëî öâåòîâ (ñì. íàïðèìåð Ëåììó 3).
Â ñëåäóþùåé òàáëèöå ïðèâåäåíû âñå âîçìîæíûå ïàðàìåòðû ñîâåðøåííûõ ðàñ-
êðàñîê â äâà öâåòà ãðàà H24, êîòîðûå ñîîòâåòñòâóþò ñîâåðøåííûì ðàñêðàñêàì H24








). Ïðî ñóùåñòâîâàíèå ðàñêðàñîê
ñ ïàðàìåòðàìè, çàòåí¼ííûìè ñåðûì öâåòîì, â íàñòîÿùåå âðåìÿ íè÷åãî íå èçâåñòíî,

































































3 Îáúåäèíåíèå öâåòîâ äâóõ ðàñêðàñîê ñ îáùèì ñîá-
ñòâåííûì ÷èñëîì
Ñëåäóþùàÿ ëåììà, âûòåêàþùàÿ íåïîñðåäñòâåííî èç îïðåäåëåíèé, ïîçâîëÿåò îáúåäè-
íÿòü íåïåðåñåêàþùèåñÿ íîñèòåëè öâåòîâ ðàçëè÷íûõ ðàñêðàñîê ñ îäèíàêîâûì ñîá-
ñòâåííûì ÷èñëîì.
Ëåììà 2. Ïóñòü C1 è C2  äâà íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà ìíîæåñòâà âåð-
øèí V (G) ïðîñòîãî ðåãóëÿðíîãî ãðàà G, ïðè÷¼ì C1 ∪ C2 6= V (G). È ïðåäïîëîæèì,
÷òî õàðàêòåðèñòè÷åñêèå óíêöèè χC1 è χC2 ìíîæåñòâ C1 è C2 ÿâëÿþòñÿ ñîâåðøåí-
íûìè ðàñêðàñêàìè G ñ îäèíàêîâûì ñîáñòâåííûì ÷èñëîì λ, òî åñòü ñ ïàðàìåòðàìè
âèäà (λ+ i, s− λ− i; i, s− i) è (λ+ j, s− λ− j; j, s− j) ãäå s  ñòåïåíü ãðàà. Òîãäà
õàðàêòåðèñòè÷åñêàÿ óíêöèÿ χC1∪C2 îáúåäèíåíèÿ åñòü ñîâåðøåííàÿ ðàñêðàñêà G ñ
ïàðàìåòðàìè (λ+ i+ j, s− λ− i− j; i+ j, s− i− j).
4 Êîäû è ðàñêðàñêè. Äîêàçàòåëüñòâî òåîðåìû 1
Â ýòîì ðàçäåëå ìû ïîñòðîèì êëàññ ñîâåðøåííûõ ðàñêðàñîê ãðàà H
odd
24 ñ ïàðàìåòðà-
ìè, àíîíñèðîâàííûìè â òåîðåìå 1. Íîñèòåëü ïåðâîãî öâåòà áóäåò ñòðîèòüñÿ êàê îáú-
3
åäèíåíèå ñìåæíûõ êëàññîâ îäíîãî ëèíåéíîãî êîäà è îêðåñòíîñòåé ñìåæíûõ êëàññîâ
êîäà îëåÿ.
Ìíîæåñòâî äâîè÷íûõ ñëîâ äëèíû n (ò. å. V (Hn)) áóäåì îáîçíà÷àòü ÷åðåç E
n
è
ðàññìàòðèâàòü êàê n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì èç äâóõ ýëåìåíòîâ,
ñ âû÷èñëåíèÿìè ïî ìîäóëþ 2. Ïîä ðàññòîÿíèåì ρ(·, ·) ìåæäó äâóìÿ ñëîâàìè áóäåì,
êàê îáû÷íî, ïîäðàçóìåâàòü ÷èñëî ïîçèöèé, â êîòîðûõ ýòè äâà ñëîâà ðàçëè÷íû (÷òî
ñîâïàäàåò ñ åñòåñòâåííîé ìåòðèêîé â ãðàå Hn). Íàïîìíèì, ÷òî (n,M, d)-êîäîì íà-
çûâàåòñÿ ìíîæåñòâî èç M âåðøèí Hn òàêîå, ÷òî ðàññòîÿíèå ìåæäó ëþáûìè äâóìÿ
ðàçëè÷íûìè âåðøèíàìè íå ìåíüøå d. Îêðåñòíîñòüþ Ω(C) íåêîòîðîãî ìíîæåñòâà C
áóäåì ñ÷èòàòü ìíîæåñòâî ñëîâ íà ðàññòîÿíèè 1 îò C.
Ïóñòü C8 è C
′
8  äâà (8, 16, 4)-êîäà òàêèõ, ÷òî C8 ∩C
′
8 = {00000000, 11111111} (äëÿ
îïðåäåë¼ííîñòè, C8 è C
′
8 ìîæíî îïðåäåëèòü êàê ñîäåðæàùèå 00101110 è 01001110
ñîîòâåòñòâåííî è çàìêíóòûå îòíîñèòåëüíî ñëîæåíèÿ è öèêëè÷åñêîé ïåðåñòàíîâêè
ïåðâûõ ñåìè êîîðäèíàò). Îïðåäåëèì êîä
F = {(x+ y, x+ z, x+ y + z)|x ∈ C8, y, z ∈ C
′
8}. (1)
Äèñòàíöèîííîé ðàñêðàñêîé êîäà C íàçîâ¼ì óíêöèþ, ñîïîñòàâëÿþùóþ êàæäîé âåð-
øèíå èç Hn ðàññòîÿíèå îò íå¼ äî C.
Ëåììà 3. Äèñòàíöèîííàÿ ðàñêðàñêà êîäà F åñòü ñîâåðøåííàÿ ðàñêðàñêà ãðàîâ
H24 è H24 ñ ìàòðèöàìè, ñîîòâåòñòâåííî,


0 24 0 0 0
1 0 23 0 0
0 2 0 22 0
0 0 3 0 21






0 0 276 0 0
0 23 0 253 0
1 0 44 0 231
0 3 0 273 0




Â ÷àñòíîñòè, ïîðîæä¼ííàÿ ðàñêðàñêà ãðàà H
odd
24 åñòü 2-ðàñêðàñêà ñ ïàðàìåòðàìè
((23, 253)(3, 273)).
Äîêàçàòåëüñòâî. Èçâåñòíî [4, 18.7.4℄, ÷òî (1) çàäà¼ò ðàñøèðåííûé ñîâåðøåííûé
(24, 212, 8)-êîä, èçâåñòíûé êàê êîä îëåÿ. Ýòî îçíà÷àåò, ÷òî ðàññòîÿíèå îò ëþáîé âåð-
øèíû äî êîäà íå áîëüøå ÷åòûð¼õ. Êðîìå òîãî, âåðøèíû ñ ÷¼òíûì ÷èñëîì åäèíèö
(èç V (H
even
24 )) èìåþò öâåòà 0, 2, 4, à ñ íå÷¼òíûì (èç V (H
odd
24 ))  öâåòà 1, 3. Òàêèì
îáðàçîì, âåðøèíà öâåòà 4 ñìåæíà â H24 ñ 24 âåðøèíàìè öâåòà 3; âåðøèíà öâåòà 3
ñìåæíà òîëüêî ñ âåðøèíàìè öâåòîâ 2 è 4, ïðè÷¼ì ñìåæíûõ âåðøèí öâåòà 2 ðîâíî
3, ïîñêîëüêó íà ðàññòîÿíèè 3 îò äàííîé íàõîäèòñÿ òîëüêî îäíà êîäîâàÿ âåðøèíà;
àíàëîãè÷íî ïðîâåðÿþòñÿ äðóãèå öâåòà. Ïàðàìåòðû ðàñêðàñêè ãðàà H24 ñëåäóþò èç
ëåììû 1. N
Òàêèì îáðàçîì, χΩ(F ) åñòü ïåðâàÿ ñîâåðøåííàÿ 2-ðàñêðàñêà èç ñåðèè, îïèñàííîé
òåîðåìîé 1. Âçÿâ íåïåðåñåêàþùèåñÿ ñäâèãè Ω(F ) è âîñïîëüçîâàâøèñü ëåììîé 2, ìû
ìîæåì ñòðîèòü ðàñêðàñêè ñ äðóãèìè ïàðàìåòðàìè. Äëÿ ýòîãî íàì íóæíî íàáðàòü
êàê ìîæíî áîëüøå ñìåæíûõ êëàññîâ ïî F íà ðàññòîÿíèè íå ìåíåå 4 äðóã îò äðóãà.
àññìîòðèì ìíîæåñòâî
D = {(x+ y, x+ z, x+ y + z)|x ∈ C8, y, z ∈ B8},
4
ãäå B åñòü (8, 128, 2)-êîä, ñîäåðæàùèé 00000000 è, ñëåäîâàòåëüíî, âêëþ÷àþùèé C ′8
(C8 è C
′
8 ââîäèëèñü ïåðåä îïðåäåëåíèåì êîäà F (1)).
Ëåììà 4. Ìíîæåñòâî D åñòü (24, 218, 4)-êîä.
Äîêàçàòåëüñòâî. Äëÿ íà÷àëà îòìåòèì òðè ïðîñòûõ íåðàâåíñòâà
ρ((u, v, w), (u′, v′, w′)) ≥ ρ(u+ v + w, u′ + v′ + w′), (2)
ρ((u, v, w), (u′, v′, w′)) ≥ ρ(u, u′) + ρ(v + w, v′ + w′), (3)
ρ((u, v, w), (u′, v′, w′)) ≥ ρ(v, v′) + ρ(u+ w, u′ + w′). (4)
àññìîòðèì ñëîâà r = (x + y, x+ z, x + y + z) è r′ = (x′ + y′, x′ + z′, x′ + y′ + z′), ãäå
x, x′ ∈ C8, y, y
′, z, z′ ∈ B8. Åñëè x 6= x
′
, òî, âîñïîëüçîâàâøèñü (2) è ðàññòîÿíèåì 4 êîäà
C8, ïîëó÷àåì ρ(r, r
′) ≥ ρ(x, x′) ≥ 4. Åñëè x = x′ è y 6= y′, òî èç (3) èìååì ρ(r, r′) ≥
ρ(x + y, x′ + y′) + ρ(y, y′) = 2ρ(y, y′) ≥ 4. Ñëó÷àé x = x′, z 6= z′ àíàëîãè÷åí. Òàêèì
îáðàçîì, ïðè ðàçíûõ âûáîðàõ x, y è z ìû áóäåì ïîëó÷àòü ðàçíûå ñëîâà ñ ïîïàðíûì
ðàññòîÿíèåì íå ìåíåå 4 äðóã îò äðóãà. ×èñëî âñåõ òàêèõ ñëîâ ðàâíî |C8| · |B8|
2 = 218.
N
Ïîñêîëüêó F è D åñòü ëèíåéíûå ïîäïðîñòðàíñòâà è, î÷åâèäíî, F ⊂ D, ìû ìîæåì
ðàçáèòü D íà 64 ñìåæíûõ êëàññà ïî F , îáîçíà÷èì èõ F1, F2, . . . , F64. Èç ëåììû 4
ñëåäóåò, ÷òî îêðåñòíîñòè ýòèõ ñìåæíûõ êëàññîâ íå ïåðåñåêàþòñÿ è, âîñïîëüçîâàâøèñü
ëåììîé 2, ìû ìîæåì ñòðîèòü ñîâåðøåííûå ðàñêðàñêè ãðàà H
odd
24 ñ ïàðàìåòðàìè
âèäà ((20 + 3i, 256 − 3i)(3i, 276 − 3i)), i = 1, . . . , 64. ×òîáû íàêðûòü áîëüøèé ñïåêòð
ïàðàìåòðîâ, íàì ïîíàäîáèòñÿ åù¼ îäèí êîä:
L = {(x, y, y + z)|x, y ∈ B, z ∈ C1}
Ëåììà 5. Õàðàêòåðèñòè÷åñêàÿ óíêöèÿ χL åñòü ñîâåðøåííàÿ ðàñêðàñêà ãðàà
H
even
24 ñ ïàðàìåòðàìè ((28, 248)(8, 268)).
Äîêàçàòåëüñòâî. Ïðåäñòàâèì L â âèäå
L = {(x, w)|x ∈ B,w ∈ C16}
ãäå C16 = {(y, y + z)|y ∈ B, z ∈ C1} åñòü (16, 2
11, 4)-êîä.
1) àññìîòðèì êîäîâóþ âåðøèíó (x, w) èç C16. Ñëîâà êîäà C16, ñìåæíûå âåðøèíå
(x, w) â H
even
24 , èìåþò âèä (x+ e, w), ãäå e  ïðîèçâîëüíîå ñëîâî ñ äâóìÿ åäèíèöàìè.
Ïîñêîëüêó òàêèõ ñëîâ e ðîâíî 28, êàæäàÿ êîäîâàÿ âåðøèíà ñìåæíà ñ 28 êîäîâûìè
è, ñëåäîâàòåëüíî, ñ 248 íåêîäîâûìè.
2) àññìîòðèì íåêîäîâóþ âåðøèíó (x, w) ãðàà H
even
24 . Åñëè x 6∈ B, òî êîäîâûå
âåðøèíû ãðàà H
even
24 , ñìåæíûå âåðøèíå (x, w), èìåþò âèä (x+ e, w+ e
′), ãäå ñëîâà e
è e′ ñîäåðæàò ïî îäíîé åäèíèöå ðîâíî. Ñëîâî e ìîæíî âûáðàòü âîñåìüþ ñïîñîáàìè,
à e′  íå áîëåå ÷åì îäíèì (èíà÷å â C16 íàéäóòñÿ äâà ñëîâà íà ðàññòîÿíèè 2 äðóã îò
äðóãà). Òàêèì îáðàçîì, ÷èñëî êîäîâûõ âåðøèí, ñìåæíûõ (x, w), íå ïðåâîñõîäèò 8.
Åñëè x ∈ B, òî w 6∈ C16, è êîäîâûå âåðøèíû, ñìåæíûå âåðøèíå (x, w), èìåþò âèä
(x, w+ e′′), ãäå e′′ ñîäåðæèò ðîâíî äâå åäèíèöû. ×èñëî ñïîñîáîâ âûáîðà e′′  íå áîëåå
8 (èíà÷å â C16 íàéäóòñÿ äâà ñëîâà íà ðàññòîÿíèè 2 äðóã îò äðóãà). Òàêèì îáðàçîì,
êàæäàÿ íåêîäîâàÿ âåðøèíà ñìåæíà íå áîëåå ÷åì ñ 8 êîäîâûìè. Ñ äðóãîé ñòîðîíû,
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êàê ñëåäóåò èç ï.1, ÷èñëî ð¼áåð, ñîåäèíÿþùèõ êîäîâûå è íåêîäîâûå âåðøèíû, ðàâíî
218·248 (ãäå 218  ÷èñëî âñåõ êîäîâûõ âåðøèí), ÷òî ñîâïàäàåò ñ (223−218)·8, ãäå 223−218
 ÷èñëî âñåõ íåêîäîâûõ âåðøèí ãðàà H
even
24 . Ïîëó÷àåòñÿ, ÷òî êàæäàÿ íåêîäîâàÿ
âåðøèíà ñìåæíà ðîâíî ñ 8 êîäîâûìè è, ñëåäîâàòåëüíî, ñ 268 íåêîäîâûìè. N
àññìîòðèì ìíîæåñòâî
N = {(x+ 00000001, y + 00000001, z + 00000001)|x, y, z ∈ B) ⊂ H
odd
24
è ðàçîáü¼ì åãî íà 8 ñìåæíûõ êëàññîâ L1, . . . , L8 ïî L. Ïîñêîëüêó ðàññòîÿíèå îò
D äî N ðàâíî 3, âñå ìíîæåñòâà Ω(F1), Ω(F2), . . . , Ω(F64), L1, . . . , L8 ïîïàðíî íå
ïåðåñåêàþòñÿ è, ïðèìåíÿÿ ëåììó 2, ïîëó÷àåì ñëåäóþùåå:
Ëåììà 6. Äëÿ ëþáûõ i ∈ {0, 1, . . . , 64}, j ∈ {0, 1, . . . , 8}, 0 < i + j < 72, õà-
ðàêòåðèñòè÷åñêàÿ óíêöèÿ îáúåäèíåíèÿ i ìíîæåñòâ èç Ω(F1), Ω(F2), . . . , Ω(F64) è
j ìíîæåñòâ èç L1, . . . , L8 åñòü ñîâåðøåííàÿ ðàñêðàñêà ñ ïàðàìåòðàìè ((20 + 3i +
8j, 256− 3i− 8j)(3i+ 8j, 276− 3i− 8j)).
Ïîñêîëüêó â âèäå 3i+ 8j ìîãóò áûòü ïðåäñòàâëåíû âñå ÷èñëà îò 3 äî 128, êðîìå
4, 5, 7, 10, 13, òåîðåìà 1 äîêàçàíà.
5 Äîêàçàòåëüñòâî òåîðåìû 2. Íåñóùåñòâîâàíèå
Â ýòîì ðàçäåëå ìû äîêàæåì íåñóùåñòâîâàíèå ñîâåðøåííûõ ðàñêðàñîê ñ ïàðàìåòðàìè
((20 + c, 256 − c)(c, 276 − c)) ïðè c = 1, 2, 4, 5, 7. Ìíîæåñòâî S ⊂ V (H
even
24 ) íàçîâ¼ì
ñåðîé, åñëè îíî ñîñòîèò èç âñåõ 24 âåðøèí íà ðàññòîÿíèè îäèí îò íåêîòîðîé âåðøèíû
(öåíòðà ñåðû) èç V (H
odd
24 ).
Â äîêàçàòåëüñòâå ñëåäóþùåé ëåììû áóäåì îáîçíà÷àòü äâîè÷íûå ñëîâà äëèíû 24
â âèäå V24, ãäå V  ìíîæåñòâî íåíóëåâûõ ïîçèöèé ñëîâà.
Ëåììà 7. Ïðåäïîëîæèì, ÷òî õàðàêòåðèñòè÷åñêàÿ óíêöèÿ χC ìíîæåñòâà C ⊂
V (H
even
24 ) ÿâëÿåòñÿ ñîâåðøåííîé ðàñêðàñêîé ãðàà H
even
24 ñ ïàðàìåòðàìè ((20+c, 256−
c)(c, 276− c)). Åñëè c ≤ 7, òî C åñòü îáúåäèíåíèå ñåð.
Äîêàçàòåëüñòâî.
Ìû ðàññìîòðèì òîëüêî äâà ñëó÷àÿ ((25, 251)(5, 271)) è ((27, 249)(7, 269)), ïîñêîëü-
êó îñòàëüíûå äîêàçûâàþòñÿ àíàëîãè÷íî.
Â ïåðâîì ñëó÷àå c = 5. Âîçüì¼ì ïðîèçâîëüíóþ âåðøèíó v èç C è ïîêàæåì, ÷òî îíà
ïðèíàäëåæèò íåêîòîðîé ñåðå, ïîëíîñòüþ ñîäåðæàùåéñÿ â C. Áåç ïîòåðè îáùíîñòè
áóäåì ñ÷èòàòü, ÷òî v = 000000000000000000000000.
Ïàðó êîîðäèíàò {i, j} îò 1 äî 24 íàçîâ¼ì êîäîâîé, åñëè {i, j}24 ∈ C. Èç ïàðàìåòðîâ
ñîâåðøåííîé ðàñêðàñêè ñëåäóåò, ÷òî êîäîâûõ ïàð ðîâíî 25. Êðîìå òîãî, ïîñêîëüêó
c = 5,
(*) íåêîäîâàÿ ïàðà ìîæåò ïåðåñåêàòüñÿ íå áîëåå ÷åì ñ ÷åòûðüìÿ êîäîâûìè (ïÿòûì
ñîñåäîì ÿâëÿåòñÿ âåðøèíà v).
àññìîòðèì ñëó÷àè:
1) Åñëè â íåêîòîðîé i-é êîîðäèíàòå ïåðåñåêàþòñÿ 23 êîäîâûå ïàðû, òî ñîîòâåò-
ñòâóþùèå ñëîâà âìåñòå ñ v îáðàçóþò ñåðó, ÷òî äîêàçûâàåò óòâåðæäåíèå.
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2) Åñëè â íåêîòîðîé i-é êîîðäèíàòå ïåðåñåêàþòñÿ îò 5 äî 23 êîäîâûõ ïàð, òî i
ñîäåðæèòñÿ â íåêîòîðîé íåêîäîâîé ïàðå, ÷òî ïðîòèâîðå÷èò (*).
3) Åñëè â íåêîòîðîé i-é êîîðäèíàòå ïåðåñåêàþòñÿ ðîâíî 4 êîäîâûå ïàðû, òî íàé-
ä¼òñÿ êîäîâàÿ ïàðà {j, k}, íå ïåðåñåêàþùàÿñÿ íè ñ îäíîé èç íèõ. Òîãäà íåêîäîâàÿ
ïàðà {i, j} ïðîòèâîðå÷èò (*).
4) Ïóñòü íè â îäíîé êîîðäèíàòå íå ïåðåñåêàþòñÿ 4 èëè áîëåå êîäîâûõ ïàð. Ïî-
ñêîëüêó êîäîâûõ ïàð áîëüøå ÷åì 24, íàéä¼òñÿ êîîðäèíàòà i, â êîòîðîé ïåðåñåêàþòñÿ
3 êîäîâûå ïàðû {i, j1}, {i, j2}, {i, j3}. Ëåãêî ïîñ÷èòàòü, ÷òî ñðåäè îñòàâøèõñÿ 20 êîîð-
äèíàò íàéä¼òñÿ òàêàÿ j, â êîòîðîé ïåðåñåêàþòñÿ ìèíèìóì äâå êîäîâûå ïàðû. Òîãäà
ïàðà {i, j} ïðîòèâîðå÷èò (*).
Äëÿ ñëó÷àÿ c = 5 óòâåðæäåíèå ëåììû äîêàçàíî.
àññìîòðèì ñëó÷àé ((27, 249)(7, 269)), ò. å. c = 7. Â öåëîì ñìûñë äîêàçàòåëüñòâà
ïîõîæ íà ïðåäûäóùèé ðàññìîòðåííûé ñëó÷àé, òîëüêî òåïåðü ìû ðàññìàòðèâàåì íå
îäíó, à äâå ñîñåäíèõ âåðøèíû ïåðâîãî öâåòà è ïîêàçûâàåì, ÷òî ïðè ëþáîì ñïîñîáå
ðàñêðàñêè îêðåñòíîñòè ýòèõ äâóõ âåðøèí âûïîëíåíèå óñëîâèÿ a = 27 âëå÷¼ò ïðîòè-
âîðå÷èå ñ óñëîâèåì c = 7 (ïðåäïîëîæèâ îò ïðîòèâíîãî, ÷òî C íå åñòü îáúåäèíåíèå
ñåð).
×åðåç C ′ îáîçíà÷èì îáúåäèíåíèå ñåð, ïîëíîñòüþ ñîäåðæàùèõñÿ â C; à ÷åðåç C ′′ 
åãî äîïîëíåíèå äî C. Íàì íóæíî äîêàçàòü, ÷òî C ′′  ïóñòîå ìíîæåñòâî. Ïðåäïîëîæèì
ïðîòèâíîå. Îáîçíà÷èì ÷åðåç k ìàêñèìàëüíóþ ìîùíîñòü ïåðåñå÷åíèÿ êîäà C è ñåðû,
ñîäåðæàùåé õîòÿ áû îäíó âåðøèíó èç C ′′. Ïîñêîëüêó òàêàÿ ñåðà îáÿçàíà ñîäåðæàòü
âåðøèíó íå èç C, èìååì
k ≤ c = 7. (5)
Áåç ïîòåðè îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî 0¯ = 000000000000000000000000 ∈ C ′′ è
{1, 2}24, {1, 3}24, . . . , {1, k}24 ∈ C.
Èç ñëîâ êîäà C, ïðèíàäëåæàùèõ îêðåñòíîñòè 0¯ èëè {1, 2}24, êàê èç ñòðîê ñîñòà-
âèì òðè ìàòðèöû. Ñòðîêè ìàòðèöû A1 åñòü âåêòîðû âåñà 2, îòëè÷íûå îò {1, 2}24 è
íå ëåæàùèå â îêðåñòíîñòè {1, 2}24. Âåêòîðû âåñà 2 (4), ïðèíàäëåæàùèå îêðåñòíîñòè
{1, 2}24, ñîñòàâëÿþò ìàòðèöó A2 (ñîîòâåòñòâåííî A3). Ñàìè âåêòîðû 0¯ è {1, 2}24 íå
âêëþ÷åíû íè â îäíó ìàòðèöó. Ìàòðèöû A1 è A2 (êàê è A2, A3) ñîñòîÿò â ñîâîêóïíî-
ñòè èç a − 1 = 26 ñòðîê, êîòîðûå âìåñòå ñ {1, 2}24 (ñîîòâåòñòâåííî ñ 0¯) ñîñòàâëÿþò
ïåðåñå÷åíèå C è îêðåñòíîñòè 0¯ (ñîîòâåòñòâåííî {1, 2}24). Îáîçíà÷èâ âûñîòó ìàòðèöû
Ai ÷åðåç hi, èìååì:
h1 + h2 = h2 + h3 = 26.
Êðîìå òîãî, èç îïðåäåëåíèÿ k èìååì
h2 ≤ 2k − 4,
ïîñêîëüêó ñòðîêè A2 èìåþò âèä {1, j}24 (íå áîëåå k−2, ïîñêîëüêó âìåñòå ñ 0¯ è {1, 2}24
ïðèíàäëåæàò îäíîé ñåðå) èëè {2, j}24 (àíàëîãè÷íî).
Òàê êàê ñòðîêè A1 è A2 ñîäåðæàò ïî äâå åäèíèöû, ÷èñëî åäèíèö â ýòèõ äâóõ
ìàòðèöàõ ðàâíî 52. Çíà÷èò, â êàêîì-òî èç ñòîëáöîâ ñîäåðæèòñÿ (ñóììàðíî â äâóõ
ìàòðèöàõ) íå ìåíåå òð¼õ åäèíèö, ÷òî ïî îïðåäåëåíèþ k îçíà÷àåò
k ≥ 4. (6)
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Ñòðîêè A3 ñîäåðæàò ïî ÷åòûðå åäèíèöû, çíà÷èò â ñîâîêóïíîñòè â òð¼õ ìàòðèöàõ
èìååì
2h1+2h2+4h3 = 2 · 26+ 2(26−h2) + 2h3 ≥ 104− 2(2k− 4)+ 2h3 = 112− 4k+2h3 (7)
åäèíèö (2h3 åäèíèö â ïåðâûõ äâóõ ñòîëáöàõ A3 âûäåëÿåì îòäåëüíî, ÷òîáû ïîòîì
ñîêðàòèòü).
Îöåíèì ýòî ÷èñëî ñ äðóãîé ñòîðîíû. Íàçîâ¼ì ñòîëáöû ñ íîìåðàìè íå áîëüøå
(áîëüøå) k ëåâîé (ñîîòâåòñòâåííî ïðàâîé) ÷àñòüþ ìàòðèöû.
(a) Ëåâàÿ ÷àñòü ìàòðèöû A1 ñîäåðæèò íå áîëåå (k − 2)(k − 1) åäèíèö. Äåé-
ñòâèòåëüíî, ïåðâûå äâà ñòîëáöà ýòîé ìàòðèöû íóëåâûå, à êàæäûé èç îñòàâøèõñÿ
ñîäåðæèò íå áîëåå k − 1 åäèíèö, ïî îïðåäåëåíèþ k.
(b) Ëåâàÿ ÷àñòü ìàòðèöû A2 ñîäåðæèò íå áîëåå 4(k − 2) åäèíèö. Ýòî ñëåäóåò
èç óæå ðàññìîòðåííîãî ñîñòàâà ìàòðèöû.
() Ïðàâûå ÷àñòè âñåõ òð¼õ ìàòðèö ñîäåðæàò â ñîâîêóïíîñòè íå áîëåå (24 −
k)(7 − k) åäèíèö. Äåéñòâèòåëüíî, åñëè â j-ì ñòîëáöå, j > k, ìàòðèöû A1, A2, A3
ñîäåðæàò áîëüøå ÷åì (7 − k) åäèíèö, òî ñëîâî {1, j}24 6∈ C èìååò áîëåå 7 ñîñåäåé èç
C (ñîîòâåòñòâóþùèå ñòðîêè ïëþñ 0¯, {1, 2}24, {1, 3}24, . . . , {1, k}24), ÷òî ïðîòèâîðå÷èò
ïàðàìåòðó c = 7.
Äàëåå ðàññìîòðèì îòäåëüíî äâà ñëó÷àÿ:
I. {1, 2}24 ∈ C
′′
. Â ýòîì ñëó÷àå èìååì òàêæå ñëåäóþùåå:
(d) Ëåâàÿ ÷àñòü ìàòðèöû A3 ñîäåðæèò íå áîëåå 2h3 + (k − 2)(k − 1) åäèíèö.
(Àíàëîãè÷íî (a), òîëüêî ïåðâûå äâà ñòîëáöà ñîñòîÿò èç åäèíèö.)
Èòîãî, îöåíèâ ñóììàðíîå ÷èñëî åäèíèö â A1, A2, A3 ñîãëàñíî (a)-(d) è ó÷èòûâàÿ
(7), èìååì
112− 4k + 2h3 ≤ (k − 2)(k − 1) + 4(k − 2) + 2h3 + (k − 2)(k − 1) + (24− k)(7− k).
Òî åñòü,
3k2 − 29k + 52 ≥ 0,
÷òî íåâåðíî ïðè çíà÷åíèÿõ k = 4, 5, 6, 7, óäîâëåòâîðÿþùèõ (5) è (6). Ïîëó÷èëè ïðî-
òèâîðå÷èå.
II. {1, 2}24 ∈ C
′
. Òîãäà C âêëþ÷àåò â ñåáÿ ñåðó ñ öåíòðîì {1, 2, j}24 äëÿ íåêî-
òîðîãî j. Ñëåäîâàòåëüíî, ìàòðèöà A3 ñîäåðæèò âñå ñòðîêè âèäà {1, 2, j, i}24, i ∈
{3, . . . , 24} \ {j}, è, êàê ñëåäñòâèå, êàæäûé ñòîëáåö A3 ñîäåðæèò íå ìåíåå îäíîé åäè-
íèöû. Ó÷èòûâàÿ (), ïîëó÷àåì
(e) Ïðàâûå ÷àñòè A1 è A2 ñîäåðæàò â ñîâîêóïíîñòè íå áîëåå (24 − k)(6 − k)
åäèíèö.
Êàê ìû óæå îòìå÷àëè, ÷èñëî åäèíèö â ìàòðèöàõ A1 è A2 ðàâíî 52. Ñ äðóãîé
ñòîðîíû, êàê ñëåäóåò èç (a), (b) è (e), îíî íå ïðåâîñõîäèò
(k − 2)(k − 1) + 4(k − 2) + (24− k)(6− k) = 2k2 − 29k + 138.
Òî åñòü ïîëó÷àåì 2k2− 29k+86 ≥ 0, ÷òî íå âåðíî äëÿ 5 ≤ k ≤ 7, íî ñïðàâåäëèâî ïðè
k = 4.
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Ýòîò ïîñëåäíèé îñòàâøèéñÿ ïîäñëó÷àé ðàññìîòðèì îòäåëüíî. Èìååì: {1, 2}24,
{1, 3}24, {1, 4}24 ∈ C, ïðè÷¼ì {1, 2}24 ïðèíàäëåæèò íåêîòîðîé ñåðå, ïîëíîñòüþ ëå-
æàùåé â C. Öåíòð ýòîé ñåðû èìååò âèä {1, 2, j}24 (îí íå ìîæåò ñîäåðæàòü îäíó
åäèíèöó, ïîñêîëüêó 0¯ ∈ C ′′). Ïîñêîëüêó òîãäà {1, j}24 ∈ C, j åñòü 3 èëè 4. àññìîò-
ðèì ñëó÷àé j = 3 (âòîðîé àíàëîãè÷åí). Ïîêàæåì, ÷òî
(**) {1, 4}24 ∈ C
′′
. Ïóñòü, îò ïðîòèâíîãî, âåðøèíà {1, 4}24 ïðèíàäëåæèò íåêîòîðîé
ñåðå, ïîëíîñòüþ ëåæàùåé â C. Àíàëîãè÷íî óæå ðàññìîòðåííîìó ñëó÷àþ ñ âåðøè-
íîé {1, 2}24, öåíòð ýòîé ñåðû îáÿçàí èìåòü âèä {1, j, 4}24, ãäå j åñòü 2 èëè 3. Íî
òîãäà ñåðû ñ öåíòðàìè {1, 2, 3}24 è {1, j, 4}24 ïåðåñåêàþòñÿ. Òî÷êà ïåðåñå÷åíèÿ ïðè-
íàäëåæèò C è èìååò íå ìåíåå 45 ñîñåäåé èç C (1 + 45 åñòü ìîùíîñòü îáúåäèíåíèÿ
äâóõ ñåð), ÷òî ïðîòèâîðå÷èò ïàðàìåòðó a = 27. Óòâåðæäåíèå (**) äîêàçàíî.
Òåïåðü, ïîìåíÿâ ìåñòàìè âòîðóþ è ÷åòâ¼ðòóþ êîîðäèíàòû, ìû ïðèõîäèì ê óæå
ðàññìîòðåííîìó ñëó÷àþ I. N
Ëåììà 8. Ïóñòü C ⊂ V (H
even
24 ) åñòü îáúåäèíåíèå ñåð, è õàðàêòåðèñòè÷åñêàÿ
óíêöèÿ χC åñòü ñîâåðøåííàÿ ðàñêðàñêà ãðàà H
even
24 ñ ïàðàìåòðàìè ((20 + c, 256−
c)(c, 276− c)). Òîãäà ëèáî c êðàòíî 3, ëèáî c ≥ 25.
Äîêàçàòåëüñòâî. Åñëè C âêëþ÷àåò â ñåáÿ äâå ïåðåñåêàþùèåñÿ ñåðû, òî èõ îáú-
åäèíåíèå ñîäåðæèò 46 âåðøèí, à ëþáîé (èç äâóõ) îáùèé ýëåìåíò ñìåæåí ñ îñòàëü-
íûìè 45 âåðøèíàìè îáúåäèíåíèÿ. Îòñþäà 20 + c ≥ 45, ò. å. c ≥ 25.
Åñëè, â ïðîòèâíîì ñëó÷àå, C ñîñòîèò èç íåïåðåñåêàþùèõñÿ ñåð, òî êàæäàÿ âåð-
øèíà ãðàà H
even
24 íå èç C ñìåæíà ñ òðåìÿ âåðøèíàìè èç êàæäîé ñîñåäíåé ñåðû,
îòêóäà c ≡ 0 mod 3. N
Ïîñêîëüêó çíà÷åíèÿ c = 1, 2, 4, 5, 7 ïðîòèâîðå÷àò ëåììàì 7 è 8, òåîðåìà 2 äîêà-
çàíà. Êðîìå òîãî, ìîæíî ñäåëàòü âûâîä, ÷òî ñîâåðøåííàÿ ðàñêðàñêà ñ ïàðàìåòðàìè
((23, 253)(3, 273)) åäèíñòâåííà ñ òî÷íîñòüþ äî àâòîìîðèçìà ãðàà.
6 Çàêëþ÷åíèå
Â çàêëþ÷åíèå ïðèâåä¼ì òàáëèöó âñåâîçìîæíûõ çíà÷åíèé ïàðàìåòðà c îò 1 äî 128.
Çíàê "−" îçíà÷àåò íåñóùåñòâîâàíèå ñîâåðøåííîé ðàñêðàñêè ñ ïàðàìåòðàìè (20 +
c, 256− c; c, 276− c) â H24, "+"  ñóùåñòâîâàíèå, "?"  âîïðîñ ñóùåñòâîâàíèÿ îòêðûò.
Åñëè ïëþñ îáâåä¼í â êðóæîê, òî ðàñêðàñêó ñ äàííûìè ïàðàìåòðàìè ìîæíî ïîñòðîèòü
îáúåäèíåíèåì ñìåæíûõ êëàññîâ îêðåñòíîñòè êîäà îëåÿ, åñëè â ïðÿìîóãîëüíèê 
îáúåäèíåíèåì ñìåæíûõ êëàññîâ ëèíåéíîãî êîäà L.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
− − ©+ − − ©+ − + ©+ ? + ©+ ? + ©+ +
17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
+ ©+ + + ©+ + + ©+ + + ©+ + + ©+ + +
33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48
©+ + + ©+ + + ©+ + + ©+ + + ©+ + + ©+
49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64
+ + ©+ + + ©+ + + ©+ + + ©+ + + ©+ ©+
65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
+ ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ +
81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96
©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+
97 98 99 100 101 102 103 104 105 106 107 108 109 110 111 112
©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+
113 114 115 116 117 118 119 120 121 122 123 124 125 126 127 128
+ ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ + ©+ ©+ +
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